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Calculus of Variations Examples: Exploring the Beauty of Optimization in Functions

calculus of variations examples provide a fascinating glimpse into one of the most elegant
branches of mathematical analysis. This field focuses on finding extrema—minimum or maximum
values—of functionals, which are mappings from a space of functions to the real numbers. Unlike
ordinary calculus, where the goal is to optimize functions with respect to variables, calculus of
variations seeks to optimize entire functions themselves. If you've ever wondered how to determine
the shape of a curve that minimizes distance or energy, the calculus of variations holds the key.

In this article, we’ll dive deep into some classic and insightful calculus of variations examples,
unraveling how they connect math with physics, engineering, and beyond. Whether you’re a student
looking to grasp the concepts or an enthusiast curious about the applications, these examples will
illuminate the path.

The Brachistochrone Problem: The Classic Pioneer

One of the most famous calculus of variations examples is the brachistochrone problem, posed by
Johann Bernoulli in the late 17th century. The problem asks: Given two points at different heights,
what is the curve along which a bead slides frictionlessly under gravity from the higher point to the
lower point in the shortest time?

Why It’s Important

This problem was revolutionary because it introduced the idea of optimizing a functional—in this
case, the time taken along a path. The solution isn’t a straight line, as one might naively expect, but
a cycloid curve, which is the path traced by a point on the rim of a rolling circle.

Mathematical Formulation

The time functional \( T[y] \) to be minimized can be expressed as:

\[
Tyl =\int {x 1}"{x 2} \frac{\sqrt{1 + (y")"2} }{\sqrt{2gy}} \, dx
\]

where \( y(x) \) is the curve, \(y' = \frac{dy}{dx} \), and \( g ) is the acceleration due to gravity.
Using the Euler-Lagrange equation, which is the core tool in calculus of variations, one determines

the function \( y(x) \) that minimizes \( T[y] \). The solution leads to parametric equations describing
a cycloid.



Insights and Applications

The brachistochrone problem not only kickstarted calculus of variations but also laid groundwork for
optimal control theory. Beyond theoretical intrigue, it has practical consequences in designing roller

coasters and optimizing paths in robotics.

Minimal Surface Problems: Soap Films and Beyond

Another captivating class of calculus of variations examples involves minimal surfaces. These are
surfaces that locally minimize area, like soap films stretched across wireframes.

Understanding the Problem

Imagine dipping a wireframe into soap solution—the film that forms takes a shape minimizing its
surface area. The question is: what mathematical function describes this minimal surface?

The Functional to Minimize

The area functional for a surface \( z = z(x,y) \) over a domain \( D) is:

\[

Alz] = \iint D \sqrt{1 + z x~2 + z y"2}\, dx\, dy
\]

Here, \(z x\) and \( z y ) are partial derivatives.

The goal is to find \( z(x,y) \) that minimizes \( A[z] \) subject to boundary conditions given by the
wireframe.

How Calculus of Variations Helps

Applying the Euler-Lagrange equation in multiple variables leads to the minimal surface equation:

\[
\left(1 + z y"~2\right) z {xx} -2z xz yz {xy} + \left(1 + z x~2\right) z {yy} =0
\]

This nonlinear partial differential equation governs minimal surfaces and is a central study object in

differential geometry.



Real-World Relevance

Minimal surfaces appear in architecture (designing efficient structures), material science (studying
interfaces), and even biology (membrane shapes). They beautifully illustrate how calculus of
variations bridges theory and tangible phenomena.

Geodesics: Shortest Paths on Curved Surfaces

When you travel on a sphere, like Earth, the shortest path between two points is not a straight line
but an arc of a great circle. Calculus of variations provides the mathematical machinery to derive
these paths, called geodesics.

Problem Setup

Given a surface, find the curve \( \gamma(t) \) connecting two points that minimizes the length
functional:

\[
L[\gamma] = \int {t 1}~ {t 2} \sqrt{g {ij}(\gamma(t)) \frac{d x~i}{dt} \frac{d x~j}{dt}} \, dt
\]

Here, \( g {ij} \) is the metric tensor capturing the surface’s geometry.

Euler-Lagrange Equations and Geodesics

By applying calculus of variations to the length functional, one derives the geodesic
equations—second-order differential equations whose solutions are curves of minimal length.

For example, on a sphere of radius \( R \), geodesics satisfy:

\[

\frac{d"2 \theta}{ds™2} + \sin \theta \cos \theta \left(\frac{d \phi}{ds}\right)~2 = 0 \\
\frac{d}{ds} \left( \sin~2 \theta \frac{d \phi}{ds} \right) = 0

\]

where \( \theta \) and \( \phi \) are spherical coordinates, and \( s \) is the curve parameter.

Why Geodesics Matter

Geodesics are fundamental in general relativity, navigation, and computer graphics. Calculus of
variations provides a rigorous way to find these minimal paths on complex surfaces.



Fermat’s Principle and Optics

One less obvious but deeply connected example of calculus of variations is Fermat’s principle in
optics, which states that light travels along the path that minimizes travel time.

Formulating the Problem

In a medium with varying refractive index \( n(x,y,z) \), the time taken by light along a path \(
\gamma \) is:

\[
T[\gamma] = \int \gamma \frac{n(\mathbf{r})}{c} ds
\]

where \( c) is the speed of light in vacuum, and \( ds \) is an element of arc length.

Using Variational Principles

Minimizing \( T[\gamma] \) leads to Snell’s law and the bending of light rays in media with varying
refractive indices. Applying Euler-Lagrange equations here elegantly derives the path light takes,
which is crucial in lens design and fiber optics.

Broader Implications

This example shows how calculus of variations underpins physical laws and helps engineers optimize
optical systems.

Tips for Tackling Calculus of Variations Problems

When working through calculus of variations examples, here are some practical insights to keep in
mind:

¢ Understand the Functional: Clearly identify what you are minimizing or
maximizing—usually an integral depending on a function and its derivatives.

e Apply the Euler-Lagrange Equation: It's the fundamental condition for extrema and often
the starting point for solutions.

¢ Consider Boundary Conditions: Solutions depend heavily on constraints; always keep them
in mind.



¢ Look for Symmetries: Symmetries can simplify problems significantly by reducing variables
or suggesting conserved quantities.

e Use Parametric Forms: For complex curves or surfaces, parametric equations can make the
calculus of variations more manageable.

Beyond the Basics: Advanced Examples in Physics and
Engineering
Calculus of variations extends far beyond these classical problems. In physics, the principle of least

action is a cornerstone, stating that the actual path taken by a system minimizes the action
functional—a quantity integrating kinetic and potential energy over time.

Similarly, in engineering, shape optimization problems use calculus of variations to design
structures that minimize stress or material usage.

Optimal Control Problems

These are modern extensions where the goal is to find control functions that steer a system
optimally. Calculus of variations provides the theoretical foundation, with applications in robotics,
economics, and aerospace engineering.

Quantum Mechanics and Path Integrals

Even quantum mechanics leverages variational principles to approximate ground state energies and
describe particle behavior via path integrals, showcasing the versatility of calculus of variations.

Exploring these examples reveals the profound impact of calculus of variations across science and
technology, making it an indispensable mathematical tool.

Frequently Asked Questions

What is a classic example of a problem in the calculus of
variations?

A classic example is the Brachistochrone problem, which seeks the curve between two points that
allows a particle to slide down under gravity in the shortest time.



How is the shortest path between two points an example of
calculus of variations?

The shortest path problem involves finding the curve that minimizes the length functional between
two points, leading to a straight line as the solution using calculus of variations.

Can you give an example of calculus of variations applied to
physics?

Yes, the principle of least action in physics uses calculus of variations to determine the path a system
takes by minimizing the action integral.

What is an example involving surface area minimization in
calculus of variations?

The problem of finding a surface of revolution with minimal surface area given fixed boundary
curves, such as the catenoid, is a classic example.

How does the Euler-Lagrange equation apply in examples of
calculus of variations?

The Euler-Lagrange equation provides the necessary condition for a functional to be stationary; for
example, it is used to derive the shape of the shortest path or minimal surface.

What is an example of calculus of variations in economics?

In economics, calculus of variations is used to optimize investment or consumption paths over time,
such as maximizing utility in intertemporal choice models.

Additional Resources

Calculus of Variations Examples: Exploring Fundamental Applications and Techniques

Calculus of variations examples offer a fascinating glimpse into one of the most profound areas of
mathematical analysis, where the goal is to find functions that optimize certain quantities. Unlike
traditional calculus that deals with functions and their derivatives, calculus of variations is
concerned with functionals—mappings from a space of functions to real numbers. This mathematical
field has broad applications across physics, engineering, economics, and beyond. By examining
classical and modern examples, we gain insight into both the theoretical framework and practical
utility of calculus of variations.

Understanding the Basics of Calculus of Variations

At its core, calculus of variations seeks to determine the function or functions that minimize or



maximize a given functional. A functional typically takes the form:
\LJly] =\int_{a}"{b} F(x, y(x), y'(x)) \, dx \]

where \( y(x) \) is the function to be found, and \( y'(x) \) is its derivative. The challenge is to identify
the function \( y \) that makes \( J[y] \) an extremum (minimum or maximum).

This approach contrasts with ordinary calculus, where one finds extrema of functions with respect to
variables, rather than entire functions themselves. The Euler-Lagrange equation is the centerpiece
tool, providing necessary conditions for an extremum:

\[ \frac{\partial F} {\partial y} - \frac{d}{dx} \left( \frac{\partial F} {\partial y'} \right) = 0 \]

This differential equation must be satisfied by the optimal function \( y(x) \).

Classical Calculus of Variations Examples

To appreciate the power and versatility of calculus of variations, one must look at canonical
examples that have shaped its development.

The Brachistochrone Problem

One of the earliest and most famous calculus of variations problems is the brachistochrone, posed by
Johann Bernoulli in 1696. It asks: What is the curve between two points, not vertically aligned, along
which a bead slides under gravity in the shortest time without friction?

The solution is a cycloid curve, which can be derived by minimizing the time functional:
\[ Tlyl =\int {x 1}~ {x 2} \sqrt{\Mrac{l + (y)"~2}{2gy}} \ dx\]
where \( g ) is the acceleration due to gravity. Applying the Euler-Lagrange equation to this integral

reveals the cycloidal trajectory. This problem not only illustrates the calculus of variations method
but also connects to physics and engineering design.

Geodesics on Surfaces

Another foundational example involves finding geodesics—the shortest paths between two points on
curved surfaces, such as a sphere. The functional to be minimized is the length of the path:

\[ LIyl =\int {a}"{b} \sqrt{l + (y)"2}\ dx\]

When generalized to surfaces, this problem leads to more complex differential equations describing
geodesics. Solutions correspond to great circles on spheres or more intricate curves on arbitrary
manifolds. Geodesic computations are critical in fields like general relativity and computer graphics.



The Catenary Problem

The shape of a hanging flexible cable or chain under its own weight, supported at two points, is
another classic calculus of variations problem. The goal is to find the curve \( y(x) \) that minimizes
potential energy or equivalently minimizes the functional representing the total length weighted by
vertical position:

\[ Uly] =\int {x 1}~ {x 2} y\sqrt{1 + (y")"2}\, dx\]

Solving the Euler-Lagrange equation leads to the catenary curve, a hyperbolic cosine function. This
problem has practical implications for civil engineering and architecture, such as suspension bridge
designs.

Modern Applications and Examples

The influence of calculus of variations extends well beyond classical physics, permeating diverse
scientific and engineering disciplines.

Optimal Control Problems

Modern optimal control theory generalizes calculus of variations by incorporating dynamic systems
with constraints. For example, in aerospace engineering, the fuel-optimal trajectory of a spacecraft
can be formulated as a calculus of variations problem where the functional represents fuel
consumption.

The Pontryagin Maximum Principle extends Euler-Lagrange conditions, providing necessary
conditions for optimality in control problems. This framework is vital for robotics, economics, and
automated systems.

Image Processing and Computer Vision

Calculus of variations has found a surprising application in image processing, particularly in edge
detection and image denoising. The Mumford-Shah functional, for instance, models images as
piecewise smooth functions and seeks to minimize an energy functional balancing fidelity and
smoothness.

Minimizing such functionals involves variational methods, enabling the restoration of images

corrupted by noise or incomplete data. This approach is central to developing advanced algorithms
in computer vision.

Quantum Mechanics and Path Integrals



In theoretical physics, the principle of least action underpins much of quantum mechanics and
classical mechanics. The action integral, a functional of the system’s trajectory, is minimized or
extremized according to Hamilton's principle.

Richard Feynman's path integral formulation extends this idea, interpreting quantum amplitudes as
sums over all possible paths weighted by the exponential of the action. Calculus of variations thus
provides a mathematical foundation for these advanced concepts.

Comparative Features and Limitations of Calculus of
Variations Examples

While calculus of variations is a powerful tool, it is essential to recognize its strengths and
constraints through the lens of examples.

e Strengths: Provides rigorous methods to solve optimization problems involving functions,
applicable in physics, engineering, and economics.

¢ Flexibility: Can handle constraints and complex boundary conditions, making it suitable for
real-world problems.

¢ Extensions: Forms the basis for optimal control theory and modern computational methods.

e Limitations: Analytical solutions often require simplifications; many problems demand
numerical approaches.

e Complexity: The resulting Euler-Lagrange equations can be highly nonlinear and challenging
to solve explicitly.

These features explain why calculus of variations remains an active research area, with ongoing
development of numerical algorithms such as finite element methods and dynamic programming to
tackle complex problems.

Numerical Methods in Calculus of Variations

Since many real-world calculus of variations examples lead to equations without closed-form
solutions, numerical techniques are indispensable. Methods like gradient descent, finite differences,
and finite element analysis approximate solutions to variational problems.

For instance, in engineering design optimization, numerical solvers iteratively improve function
approximations to minimize energy or cost functionals. This computational aspect bridges
theoretical mathematics and practical applications.



Exploring calculus of variations examples exposes the depth and breadth of this mathematical
discipline. From the elegant cycloid of the brachistochrone to the complexities of optimal control and
image processing, the calculus of variations continues to provide essential insights and tools. Its
capacity to model and solve function optimization problems ensures its relevance in both
foundational theory and cutting-edge technological advancements.

Calculus Of Variations Examples

calculus of variations examples: Some Instructive Examples in the Calculus of Variations
Oskar Bolza, 2013-04 Reprint of the original, first published in 1902.

calculus of variations examples: Calculus of Variations Hansjorg Kielhofer, 2018-01-25 This
clear and concise textbook provides a rigorous introduction to the calculus of variations, depending
on functions of one variable and their first derivatives. It is based on a translation of a German
edition of the book Variationsrechnung (Vieweg+Teubner Verlag, 2010), translated and updated by
the author himself. Topics include: the Euler-Lagrange equation for one-dimensional variational
problems, with and without constraints, as well as an introduction to the direct methods. The book
targets students who have a solid background in calculus and linear algebra, not necessarily in
functional analysis. Some advanced mathematical tools, possibly not familiar to the reader, are given
along with proofs in the appendix. Numerous figures, advanced problems and proofs, examples, and
exercises with solutions accompany the book, making it suitable for self-study. The book will be
particularly useful for beginning graduate students from the physical, engineering, and
mathematical sciences with a rigorous theoretical background.

calculus of variations examples: Calculus of Variations A. M. Arthurs, 1975

calculus of variations examples: Some Instructive Examples of the Calculus of Variations
Oskar Bolza, 1902

calculus of variations examples: The Calculus of Variations Bruce van Brunt, 2006-04-18
Suitable for advanced undergraduate and graduate students of mathematics, physics, or
engineering, this introduction to the calculus of variations focuses on variational problems involving
one independent variable. It also discusses more advanced topics such as the inverse problem,
eigenvalue problems, and Noether’s theorem. The text includes numerous examples along with
problems to help students consolidate the material.

calculus of variations examples: Calculus of Variations on Fibred Manifolds and
Variational Physics Jana Musilova, Pavla Musilova, Olga Rossi, 2025-02-26 This book presents
modern variational calculus in mechanics and field theories with applications to theoretical physics.
It is based on modern mathematical tools, specifically fibred spaces and their jet prolongations,
which operate with vector fields and differential forms on foundational structures. The book
systematically explains Lagrangian and Hamiltonian mechanics and field theory, with a focused
exploration of the underlying structures. Additionally, it addresses the well-known inverse problem
of calculus of variations and provides examples illustrating key variational physical theories. The text
is complemented by solved examples from physics and includes exercises designed to help readers
master the subject. Aimed at PhD students, postdocs, and interested researchers, this book assumes
prior knowledge of mathematical analysis, linear and multilinear algebra, as well as elements of
general and theoretical physics for effective engagement with the discussion.

calculus of variations examples: Engineering Mathematics with Examples and Applications
Xin-She Yang, 2016-12-29 Engineering Mathematics with Examples and Applications provides a
compact and concise primer in the field, starting with the foundations, and then gradually
developing to the advanced level of mathematics that is necessary for all engineering disciplines.
Therefore, this book's aim is to help undergraduates rapidly develop the fundamental knowledge of


https://santacruzdance.org/archive-th-198/calculus-of-variations-examples.pdf

engineering mathematics. The book can also be used by graduates to review and refresh their
mathematical skills. Step-by-step worked examples will help the students gain more insights and
build sufficient confidence in engineering mathematics and problem-solving. The main approach and
style of this book is informal, theorem-free, and practical. By using an informal and theorem-free
approach, all fundamental mathematics topics required for engineering are covered, and readers
can gain such basic knowledge of all important topics without worrying about rigorous (often boring)
proofs. Certain rigorous proof and derivatives are presented in an informal way by direct,
straightforward mathematical operations and calculations, giving students the same level of
fundamental knowledge without any tedious steps. In addition, this practical approach provides over
100 worked examples so that students can see how each step of mathematical problems can be
derived without any gap or jump in steps. Thus, readers can build their understanding and
mathematical confidence gradually and in a step-by-step manner. - Covers fundamental engineering
topics that are presented at the right level, without worry of rigorous proofs - Includes step-by-step
worked examples (of which 100+ feature in the work) - Provides an emphasis on numerical methods,
such as root-finding algorithms, numerical integration, and numerical methods of differential
equations - Balances theory and practice to aid in practical problem-solving in various contexts and
applications

calculus of variations examples: An Introduction to Variational Inequalities and Their
Applications David Kinderlehrer, Guido Stampacchia, 2000-01-01 Unabridged republication is a
resource for topics in elliptic equations and systems and free boundary problems.

calculus of variations examples: Calculus of Variations I Mariano Giaquinta, Stefan
Hildebrandt, 2004-06-23 This two-volume treatise is a standard reference in the field. It pays special
attention to the historical aspects and the origins partly in applied problems—such as those of
geometric optics—of parts of the theory. It contains an introduction to each chapter, section, and
subsection and an overview of the relevant literature in the footnotes and bibliography. It also
includes an index of the examples used throughout the book.

calculus of variations examples: Ordinary Differential Equations and Calculus of
Variations M. V. Makarets, V. Yu Reshetnyak, 1995 This problem book contains exercises for
courses in differential equations and calculus of variations at universities and technical institutes. It
is designed for non-mathematics students and also for scientists and practicing engineers who feel a
need to refresh their knowledge. The book contains more than 260 examples and about 1400
problems to be solved by the students ? much of which have been composed by the authors
themselves. Numerous references are given at the end of the book to furnish sources for detailed
theoretical approaches, and expanded treatment of applications.

calculus of variations examples: Computational Methods In The Fractional Calculus Of
Variations Ricardo Almeida, Shakoor Pooseh, Delfim F M Torres, 2015-03-19 This book fills a gap in
the literature by introducing numerical techniques to solve problems of fractional calculus of
variations (FCV). In most cases, finding the analytic solution to such problems is extremely difficult
or even impossible, and numerical methods need to be used.The authors are well-known researchers
in the area of FCV and the book contains some of their recent results, serving as a companion
volume to Introduction to the Fractional Calculus of Variations by A B Malinowska and D F M
Torres, where analytical methods are presented to solve FCV problems. After some preliminaries on
the subject, different techniques are presented in detail with numerous examples to help the reader
to better understand the methods. The techniques presented may be used not only to deal with FCV
problems but also in other contexts of fractional calculus, such as fractional differential equations
and fractional optimal control. It is suitable as an advanced book for graduate students in
mathematics, physics and engineering, as well as for researchers interested in fractional calculus.

calculus of variations examples: Exterior Differential Systems and the Calculus of Variations
P.A. Griffiths, 2013-06-29 15 0. PRELIMINARIES a) Notations from Manifold Theory b) The
Language of Jet Manifolds c) Frame Manifolds d) Differentia! Ideals e) Exterior Differential Systems
EULER-LAGRANGE EQUATIONS FOR DIFFERENTIAL SYSTEMS ~IliTH ONE I. 32 INDEPENDENT



VARIABLE a) Setting up the Problem; Classical Examples b) Variational Equations for Integral
Manifolds of Differential Systems c) Differential Systems in Good Form; the Derived Flag, Cauchy
Characteristics, and Prolongation of Exterior Differential Systems d) Derivation of the
Euler-Lagrange Equations; Examples e) The Euler-Lagrange Differential System; Non-Degenerate
Variational Problems; Examples FIRST INTEGRALS OF THE EULER-LAGRANGE SYSTEM,;
NOETHER'S II. 1D7 THEOREM AND EXAMPLES a) First Integrals and Noether's Theorem; Some
Classical Examples; Variational Problems Algebraically Integrable by Quadratures b) Investigation of
the Euler-Lagrange System for Some Differential-Geometric Variational Pro~lems: 2 i) ( K ds for
Plane Curves; i i) Affine Arclength; 2 iii) f K ds for Space Curves; and iv) Delauney Problem. IT I.
EULER EQUATIONS FOR VARIATIONAL PROBLEfi]JS IN HOMOGENEOQOUS SPACES 161 a)
Derivation of the Equations: i) Motivation; i i) Review of the Classical Case; iii) the Genera 1 Euler
Equations 2 K /2 ds b) Examples: i) the Euler Equations Associated to f for 1En; but for Curves in i i)
Some Problems as in i) sn; Non- Curves in iii) Euler Equations Associated to degenerate Ruled
Surfaces IV.

calculus of variations examples: A First Course in the Calculus of Variations Mark Kot,
2014-10-06 This book is intended for a first course in the calculus of variations, at the senior or
beginning graduate level. The reader will learn methods for finding functions that maximize or
minimize integrals. The text lays out important necessary and sufficient conditions for extrema in
historical order, and it illustrates these conditions with numerous worked-out examples from
mechanics, optics, geometry, and other fields. The exposition starts with simple integrals containing
a single independent variable, a single dependent variable, and a single derivative, subject to weak
variations, but steadily moves on to more advanced topics, including multivariate problems,
constrained extrema, homogeneous problems, problems with variable endpoints, broken extremals,
strong variations, and sufficiency conditions. Numerous line drawings clarify the mathematics. Each
chapter ends with recommended readings that introduce the student to the relevant scientific
literature and with exercises that consolidate understanding.

calculus of variations examples: Dynamic Optimization and Differential Games Terry L.
Friesz, 2010-08-20 Dynamic Optimization and Differential Games has been written to address the
increasing number of Operations Research and Management Science problems that involve the
explicit consideration of time and of gaming among multiple agents. With end-of-chapter exercises
throughout, it is a book that can be used both as a reference and as a textbook. It will be useful as a
guide to engineers, operations researchers, applied mathematicians and social scientists whose work
involves both the theoretical and computational aspects of dynamic optimization and differential
games. Included throughout the text are detailed explanations of several original dynamic and
game-theoretic mathematical models which are of particular relevance in today’s
technologically-driven-global economy: revenue management, oligopoly pricing, production
planning, supply chain management, dynamic traffic assignment and dynamic congestion pricing.
The book emphasizes deterministic theory, computational tools and applications associated with the
study of dynamic optimization and competition in continuous time. It develops the key results of
deterministic, continuous time, optimal control theory from both the classical calculus of variations
perspective and the more modern approach of infinite dimensional mathematical programming.
These results are then generalized for the analysis of differential variational inequalities arising in
dynamic game theory for open loop environments. Algorithms covered include steepest descent in
Hilbert space, gradient projection in Hilbert space, fixed point methods, and gap function methods.

calculus of variations examples: Differential Equations: An Introduction To Basic Concepts,
Results And Applications (Third Edition) Ioan I Vrabie, 2016-05-30 This book presents, in a unitary
frame and from a new perspective, the main concepts and results of one of the most fascinating
branches of modern mathematics, namely differential equations, and offers the reader another point
of view concerning a possible way to approach the problems of existence, uniqueness,
approximation, and continuation of the solutions to a Cauchy problem. In addition, it contains simple
introductions to some topics which are not usually included in classical textbooks: the exponential



formula, conservation laws, generalized solutions, Caratheodory solutions, differential inclusions,
variational inequalities, viability, invariance, and gradient systems.In this new edition, some typos
have been corrected and two new topics have been added: Delay differential equations and
differential equations subjected to nonlocal initial conditions. The bibliography has also been
updated and expanded.

calculus of variations examples: Calculus of Variations Filip Rindler, 2018-06-20 This
textbook provides a comprehensive introduction to the classical and modern calculus of variations,
serving as a useful reference to advanced undergraduate and graduate students as well as
researchers in the field. Starting from ten motivational examples, the book begins with the most
important aspects of the classical theory, including the Direct Method, the Euler-Lagrange equation,
Lagrange multipliers, Noether’s Theorem and some regularity theory. Based on the efficient Young
measure approach, the author then discusses the vectorial theory of integral functionals, including
quasiconvexity, polyconvexity, and relaxation. In the second part, more recent material such as
rigidity in differential inclusions, microstructure, convex integration, singularities in measures,
functionals defined on functions of bounded variation (BV), and I'-convergence for phase transitions
and homogenization are explored. While predominantly designed as a textbook for lecture courses
on the calculus of variations, this book can also serve as the basis for a reading seminar or as a
companion for self-study. The reader is assumed to be familiar with basic vector analysis, functional
analysis, Sobolev spaces, and measure theory, though most of the preliminaries are also recalled in
the appendix.

calculus of variations examples: Circular of Information University of Chicago, 1918

calculus of variations examples: Solid Mechanics Clive L. Dym, Irving H. Shames, 2013-04-05
Solid Mechanics: A Variational Approach, Augmented Edition presents a lucid and thoroughly
developed approach to solid mechanics for students engaged in the study of elastic structures not
seen in other texts currently on the market. This work offers a clear and carefully prepared
exposition of variational techniques as they are applied to solid mechanics. Unlike other books in
this field, Dym and Shames treat all the necessary theory needed for the study of solid mechanics
and include extensive applications. Of particular note is the variational approach used in developing
consistent structural theories and in obtaining exact and approximate solutions for many problems.
Based on both semester and year-long courses taught to undergraduate seniors and graduate
students, this text is geared for programs in aeronautical, civil, and mechanical engineering, and in
engineering science. The authors’ objective is two-fold: first, to introduce the student to the theory
of structures (one- and two-dimensional) as developed from the three-dimensional theory of
elasticity; and second, to introduce the student to the strength and utility of variational principles
and methods, including briefly making the connection to finite element methods. A complete set of
homework problems is included.

calculus of variations examples: Philosophical Magazine , 1896

calculus of variations examples: Statistical Thermodynamics and Differential Geometry
of Microstructured Materials H.Ted Davis, Johannes C.C. Nitsche, 2012-12-06 Substances
possessing heterogeneous microstructure on the nanometer and micron scales are scientifically
fascinating and technologically useful. Examples of such substances include liquid crystals,
microemulsions, biological matter, polymer mixtures and composites, vycor glasses, and zeolites. In
this volume, an interdisciplinary group of researchers report their developments in this field. Topics
include statistical mechanical free energy theories which predict the appearance of various
microstructures, the topological and geometrical methods needed for a mathematical description of
the subparts and dividing surfaces of heterogeneous materials, and modern computer-aided
mathematical models and graphics for effective exposition of the salient features of microstructured
materials.
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